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For the full text of this licence, please go to: http://creativecommons.org/licenses/by-nc-nd/2.5/ Furthermore, the two solids in contact are assumed to be rigid; any potential flexibility is introduced solely through the mesh coupling.
The equations of motion representing the dynamics of hypoid gears are already available in literature [12] [13] [14] . This work is focused on the gear pair itself, assuming perfectly rigid mounts of the gear wheels (therefore, neglecting any interactions with neighboring structural components). Furthermore, the torsional rigidity of all shafts and couplings is imposed throughout the driveline, permitting the utilization of the equivalent inertia values before and after the hypoid gear pair. Essentially, the system is described by the following pair of equations of motion (the corresponding free body diagram is shown in Figure 1) :
Figure 1-Free body diagram of the hypoid gear pair model
The variation of the contact radii , and mesh stiffness with respect to the pinion angle can be expressed in the form of a Fourier series, after conducting TCA [11] (only the expression for the pinion radius is provided herewith):
After conducting a kinematic analysis, the relative velocity along the line of action is given by the following expression [25] :
The quantity ( ) denotes the unloaded transmission error, as this is derived by TCA from CALYX. The sign convention used follows the classical approach in gear dynamics. Since the unloaded transmission error is measured in the direction of relative displacement along the line of contact, it is taken as positive to indicate when the gears come together and negative when they are separated. More details on the calculation ( ) of can be found in [25] . Integration of equation (4) yields the expression defining the DTE of hypoid gear pairs:
The effect of backlash nonlinearity is introduced by the following piece-wise linear function:
In order to relate the current dynamic model to realistic operating conditions, the external loading and is defined according to the equilibrium position of the driveline. The following equation expresses the conservation of energy, by balancing the input torque from the engine to the resistive torque at the vehicle wheels [26] :
Figure 2-Resistance forces acting on vehicle
By selecting a mean vehicle cruising speed υ under steady state conditions, the above expression yields the engine torque requirement [27] . Figure 2 shows the various resistance forcing terms perceived by the vehicle: rolling ( ), ascent ( ) and aerodynamic ( ) resistance. These correspond to the first, second and third terms of equation (7), respectively, and they are quantified by using the following variables: vehicle mass ( ), gravitational acceleration ( ), coefficient of rolling resistance ( ), ascent angle ( ), aerodynamic drag coefficient ( ), vehicle frontal area ( ), cruising velocity ( ), tire dynamic radius (r), air density (ρ), transmission mechanical efficiency (η tot ) and transmission ratio (i tot ). The engine torque can be regarded as equal to the pinion input torque provided that a 1:1 conversion ratio is selected for the transmission. On the other hand, the resistive torque will be expressed as a function of the instantaneous angular velocity of the output side of the differential, in order to account for the fluctuations arising from the torsional vibrations. A similar approach has been followed in previous studies of parallel axis gear pairs [21, 23] .
By applying this formulation, the dynamic equilibrium of the system is defined by the balance of external torque rather than imposing arbitrary values of the input torque and mean angular velocities of the gears. The importance of such an approach will be discussed in the following section.
3-Results and discussion

3.1-Numerical Integration
Equations (1) to (8) describe the dynamics of the system, where DTE accounts for the variation of the mesh position through the contact radii and rotation angle fluctuations. Due to the form of equation (5) , the motion of the system is governed by a set of integro-differential equations. This complexity created by the effect of varying mesh position, requires the implementation of a numerical solution. The case studied is adjusted to the steady state cruising of a light commercial truck with the 3 rd speed gear engaged, corresponding to a transmission ratio of approximately 1:1. After a mean vehicle cruising speed is imposed, external loads at either side of the differential are calculated by substituting the vehicle and traction properties in equations (7) and (8) . Zero initial conditions are assumed, implying that the system is accelerated by the effect of the external loading until dynamic equilibrium is achieved. Numerical integration is conducted for sufficient number of meshing periods to ensure that any transients have been eliminated. For the proposed DTE formulation, steady state is usually achieved in less than 200 mesh periods. The system response is recorded for the last 50 meshing periods in time increments of 1/250 of the meshing period. Figure 2 depicts the time histories of the gear pair at steady state conditions while a mean vehicle cruising speed of 62.4kph is examined. This is equivalent to a pinion input torque of 87Nm and rotational speed of 1497RPM. Both angular velocities of the gear wheels (Figures 2(a)-(b)) oscillate around a mean value, which represents the rigid body motion. The dynamic mesh force shown in Figure 2 (c) is always, positive indicating that the gear flanks are in contact at all times. This fact can be confirmed by figure 2(d) , where DTE is always above the boundary level of 75μm (standing for half amount of the gear backlash). The majority of hypoid gear models that are available in the literature have employed a conventional expression for DTE, which has been utilized for parallel axis gear systems:
Figure 3-Response characteristics of the gear pair: (a) pinion angular velocity, (b) gear angular velocity, (c) dynamic mesh force, and (d) dynamic transmission error
When the above equation is applied to the case examined it leads to unbounded solutions, as it can be seen in figures 3(a)-(b). The angular velocities undergo an exponential growth at early stages of the numerical integration. This fact has been acknowledged in previous investigations [28] . On the contrary, solution of the integro-differential system with the inclusion of equation (5) yields smooth steady state solutions while a periodic orbit appears on the phase portrait ( Figure 3(c) ). The use of equation (9) also causes the violation of the energy conservation principle (Figure 3(d) ), thus indicating incompatibility to the mathematical formulation of the problem. Nonetheless, the current methodology ensures that energy balance is constantly maintained. The instantaneous energy possessed by the system is equal to the sum of kinetic energy and the work done by the mesh force:
The energy dissipated by the mesh damping element is given by:
The input energy is the sum of the initial energy supplied by the initial conditions and the work of the external torque loading:
Eventually, the instantaneous energy balance will be:
The ratio (%) between the two sides of equation (13) is plotted in Figure 4 (8)). If the corresponding vehicle properties are substituted therein (zero ascent angle is imposed), the final expression gives:
The constants appearing in the above equation take the following values: 0 = 75.34 , 1 = 6.019 * 10 −3 2 / 2 . The first one is related to rolling resistance whereas the second to aerodynamic drag. The numeric values used for this case study are given in Table 1 (10)) resistive torque values. The obtained results refer to a total number of 1,120 meshing periods. The results seem to differ both in terms of magnitude and phase; vibrations inflicted by constant resistive torque take place over a position characterized by reduced amplitude level. The analysis is repeated in Figure 5 for the time interval between 100,100 to 100,120 meshing periods. The comparison with Figure 4 reveals that when resistive torque follows equation (10) , the response is unaltered with integration time. Therefore, steady state conditions are achieved from an early stage. Nevertheless, for constant resistive torque the dynamic response shifts continuously to a new equilibrium position, failing to reach steady state conditions. This set of observations illustrates the contribution of equation (10) for defining the dynamic equilibrium of the system. The inherent system nonlinearity in the form of backlash, as it is introduced by equation (6), suggests the possibility of multiple solution branches. Such an investigation requires the implementation of frequency sweeps, by varying the vehicle mean cruising speed to cover its operational range. It should be noted that this procedure is equivalent to varying the meshing frequency or the input torque, since all three quantities are related explicitly through equation (7) . The results are obtained under two different conditions, namely the vehicle acceleration and deceleration. Each condition involves a number of successive integrations equal to the selected cruising speed span; with individual integration exporting its solution as initial condition for the one that follows and so on. Another important point to note is that the mean mesh stiffness (derived by TCA) is a function of the input torque [14] . The natural frequency of the system can be approximately defined as [15, 20] :
From the above expression, it follows that the natural frequency will vary with respect to input torque -thus with cruising speed due to equation (7) . The mean mesh frequency of the system is yielded as:
Hence, the meshing frequency will be a linear function of the mean cruising speed. Figure 7 (a) depicts the variation of natural and mesh frequencies with respect to the vehicle cruising speed. The mesh frequency is directly proportional to the cruising speed whereas the natural frequency variation is less steep. The two frequencies coincide at a cruising speed 118kph where resonance 1:1 conditions are expected to be realized. The ratio of the two quantities is illustrated in Figure 7 (b). Figure 8 shows the speed sweeps computed with the current formulation compared to those obtained from a model available in literature [14] . The latter does not consider the derivatives of the contact radii while forming the relative torsional mode along the line of action. It can be observed that the two formulations yield significantly different results. The graphs follow the traditional representation of frequency-response diagrams; the ordinate represents the maximum or minimum amplitude of the dynamic transmission error, as derived in steady state conditions. The abscissa denotes the mean vehicle cruising speed, which is essentially a function of the gear meshing frequency. The current formulation predicts two distinct solution branches characterized by different solution types. In that occurring at the left side of the graph, contact is constantly maintained whereas the one on the right side is governed almost entirely by improper mesh and separation effects. Overall, a region of multiple coexisting solutions appears, extending from 59 to 94kph; jumps between the two solution branches are taking place at the boundary points. This behavior cannot be captured by the previous dynamic formulation [14] , where contact loss does not take place whereas the dynamic response is governed by a single solution type. This highlights the importance of contact radii variation -hence equation (5) -on the qualitative characteristics of the solutions obtained. The two methods only converge at low vehicle speeds (mesh frequencies). This is expected, since at these conditions the variation of the contact radii is slow (and, therefore, it can be considered as negligible). However, as the speed increases the corresponding time derivatives become significant, inflicting considerable changes in the perceived dynamic response.
Therefore, the combined influence of backlash nonlinearity and variation of contact parameters results into a complex dynamic response defined by a broadband resonance region. The latter is related with single sided impacts (SSI) between the mating flanks and aggravated dynamic response. It covers a vehicle speed span from 59 to 131kph, corresponding to medium to high loading conditions (81 to 295Nm). Previous experimental studies on similar vehicle types confirmed the presence of gear whine in speed regions from 80 to 130kph during acceleration [6, 29] and from 120 to 60kph during deceleration [5, 6] . Furthermore, the perceived noise frequency range varies from 200-1200Hz, depending on the case study [1, 4 and 30] . The current model predicts teeth separation and resonant behavior for meshing frequencies varying from 308 to 681Hz, suggesting that the first two mesh harmonics lie within the reported noise frequency range. Figure 9 (a) illustrates the time history at a point of multiple existing solutions (Figure 8 ). The first solution type (sourcing from the lower branch) is characterized by small fluctuations and no impacts (NI) between the mating flanks. The second solution type (sourcing from the upper branch) yields much aggravated fluctuations and repetitive occurrence of single sided impact phenomena (SSI). Moreover, the methodology in [14] predicts similar response to the NI solution; yet the fluctuation is even less pronounced. The solid line in Figure 9 (a) corresponds to half the total backlash boundary. The same trend is observed in figure 9(b) , where the corresponding phase portraits are shown. 
3.2-Application of a solution continuation method
The multiple solution types appearing as a consequence of the backlash nonlinearity are affected by the different initial conditions realized while moving across the two branches. A comprehensive study of the dynamics requires the detection of the family of periodic solutions combined with stability analysis. This can be done by employing a solution continuation code, such as AUTO [24] . Implementation of this numerical algorithm requires the expression of the system of equations using a single variable; the DTE function is used for this purpose. Briefly, the main idea is the substitutions of the angular rotations and by x. The same transformation needs to be applied to the corresponding time derivatives. In specific from equations (1) and (2) 
where i = p, g. Differentiation of equation (4) yields:
Equation (4) that yields the derivative of the dynamic transmission error is derived based on the kinematics along the instantaneous line of action. This expression involves the instantaneous values of the contact radii, which is the reason why the time derivatives, as well as the time history (integral) of the contact radii are introduced in equations (16) and (5) respectively, which are following from equation (4). With the aid of expressions (15) , equations (4) and (16) can be treated as a system of algebraic equations with the angular velocities ̇ as unknown quantities. The solution is yielded explicitly by the following formulae:
The quantities B, D and E are defined as follows:
Hence all the derivatives of the gear rotations can be expressed with respect to the transmission error and its derivatives. The solution of the original dynamic system requires further differentiation of equation (16) and subsequent substitution of the rotation derivatives by variable x. Thus, the transformation results into a third order differential equation of a single variable related to the relative motion of the gear pair:
All the variables in the right hand side of the above equation can be derived analytically as explicit functions of x, ̇ and . The time derivatives of the contact radii can be also computed through equation (3). Therefore, the differential equation can be solved numerically, yielding a solution in terms of the dynamic transmission error x. Since the angular rotations of the gear wheels are now absent from the system description, the mesh properties need to be given in terms of time and mesh frequency rather than the pinion angle. This is accomplished by using the approximate following expression [20] , where �N p � is the number of teeth of the pinion and (ω mesh ) is the meshing frequency:
The latter introduces only a marginal difference on the steady state dynamic response. Numerical continuation is enforced to define the family of periodic solutions. The results are presented in the form of frequency response diagrams; however the vehicle speed is used again as the independent variable in accordance with the analysis of the previous sections. The branches of stable/unstable solutions are illustrated by solid/dashed curves respectively. The first set of response diagrams (Figures 10-11 ) depict the effect of mesh damping on the periodic motions under nominal system parameters. The case of Figure 10 (c) was obtained for parameters close to those of the numerical results presented in the previous sections. The form of the response curve confirms previous numerical integration findings. A noimpact (NI) solution branch ( > ) evolves at the left hand side of the graph, whose amplitude is maximized around 94kph. In the same range of vehicle speeds a single sided impact (SSI) ( > − ) branch co-exists, exhibiting a near softening behaviour. Likewise, stability is lost under deceleration at 57kph. The decrease of the damping coefficient has a multiple effect on the response characteristics. Primarily, the minimum amplitude increases significantly together with the length of the SSI branch, shifting its stability loss at a lower velocity. At the same time, a third solution branch appears, characterised by double sided impact (DSI) phenomena ( < − ) and hardening behavior. Multiple response regimes coexist on a broad range of cruising speeds, enabling the potential of jump phenomena between all three solution types. These results are consistent to previous studies of parallel axis gear pairs [17] . 
Figure 13-Effect of the in phase stiffness variation on the dynamic response: (a) maximum and (b) minimum amplitude; stable branch, unstable branch
The contribution of an out of phase mesh stiffness variation with respect to the static transmission error is shown in Figure  12 . The mesh damping coefficient is selected equal to that of the case of Figure 10(b) , while the other system properties remain unaltered. Additionally, a harmonic fluctuation of the mesh stiffness is imposed with respect to its mean value. A single sinusoidal term is being used; the variation parameter 1 * present in the graphs expresses the normalized amplitude of this fundamental mesh harmonic with respect to the mean contact stiffness:
A simple calculation yields the phase of the fundamental harmonic of the static transmission error: = −1 ( 1 1 ⁄ ) = 0.9631 . Hence, the first harmonic of the static transmission error can be expressed in the following form:
Therefore, positive ( 1 * ) values will cause a nearly out of phase variation of the mesh stiffness with respect to the first harmonic terms of the static transmission error. For the given conditions, an increase in the value of ( 1 * ) inflicts a rise in the reached extreme amplitudes while triggering DSI solution branches.
Different conclusions are drawn from Figure 13 , displaying the in phase stiffness -transmission error variation. In this case, decreasing negative 1 * values cause the disappearance of the DSI branch. Furthermore, the amplitude of the in phase stiffness harmonic is counter proportional to the magnitude of the minimum amplitude reached by the system. The region of coexisting solution branches declines considerably and both bifurcation points move to the right side of the graph, hence suppressing the regions of SSI. Similar observations have been reported in previous parametric studies on gear pairs [13] and piecewise nonlinear time varying oscillators [31] .
The response spectra of Figure 14 demonstrate the influence of contact radii variation. The mesh stiffness is again represented by the fundamental mesh harmonic, 1 * = 0.1, while the remaining system parameters correspond to the nominal case. The normalized contact radii variation , , 1 follows a sinusoidal form while being equal for both gear wheels. By this configuration, positive , , 1 values imply that contact radii and mesh stiffness are in phase. At the same time both quantities are in opposite phase with the first harmonic terms of the static transmission error. An increase in the variation amplitude of the contact radii induces an aggravated dynamic response, enhancing the effect of stiffness variation. The regions of multiple solution branches expand significantly, whereas the bifurcation points are displaced to lower vehicle speed levels. Superharmonic resonances are also activated and loss of stability is observed on those regions as well for increased levels of contact radii variation. Another time varying parameter, which tends to affect the dynamic response, is the kinematic transmission error. In the nominal case examined, this is introduced as a periodic function in the form of Fourier series. It was already shown that the phase of the mesh order harmonic is crucial when interacting with the mesh stiffness. Figure 15 has been derived for different amplitude values ( 1 * ) of the sinusoidal fundamental harmonic. The other Fourier coefficients are set to zero, whereas constant meshing stiffness is assumed, since the aim is to investigate the interaction between the variations of contact radii and static transmission error. The fundamental harmonic term of contact radii , , 1 is set equal to 0.1, whereas the higher harmonics � , , ; ≠ 1� were set equal to zero. The rest of system parameters maintain their nominal values. The previous consideration implies that both varying mesh properties (contact radii and static transmission error) are in phase with each other. The thick curve indicates the case where no variation of the transmission error is accounted, namely: * = * = 0, for every harmonic term of the Fourier series. Increase of the static transmission error variation magnitude causes a gradual annihilation of the nonlinear characteristics. The maximum amplitude values experience a significant drop while the bifurcation points approach each other, shrinking the region of multiple solutions. For an extreme value of ( 1 * ), the system response becomes practically linear and the maximum amplitude is reduced by almost 20%. Therefore, it can be claimed that the two varying quantities tend to cancel each other when applied in phase.
Figure 16-Effect of the kinematic transmission error on the dynamic response ( � phase difference): (a) maximum and (b) minimum amplitude; stable branch, unstable branch
The case of a phase discrepancy is presented in Figure 16 . In this instance, a phase difference of /2 (compared to the previous case) is imposed on the static transmission error by keeping only the first cosine term 1 * . The thick curve depicts again the case of no variation. A rise in its magnitude seems to aid the system in retaining its nonlinear characteristics. The overall difference in the observed amplitudes can be treated as trivial; so is the expansion of the SSI region from the relocation of the bifurcation points. In the final case of the parametric studies, the effect of the second harmonic term 2 * of the static transmission error is investigated. Only the fundamental mesh harmonics of all the contact parameters are considered as obtained by the TCA with the exception of 1 * , which is set equal to 0.1. The results are presented in Figure  17 , where the focus is at the region of superharmonic resonances. Indeed, the influence of 2 * on the primary resonance is marginal. A rise in its amplitude instigates SSI motion types in the vicinity of 2 ℎ = .
Figure 17-Effect of the second harmonic of the static transmission error on the dynamic response: (a) maximum and (b) minimum amplitude; stable branch, unstable branch
The results of the parametric study presented in Figures 12-17 can be used for a qualitative comparison of the effect that each one of the examined variables has in the system's response. More specifically, it can be seen from Figure 12 that a 50% out of phase variation in the first harmonic term of the mesh stiffness can introduce DSI phenomena in the system's dynamics. On the other hand, the in-phase stiffness variation is unable to introduce such an effect (Figure 13) . The system examined is also sensitive on the contact radii variation, in the sense that for less than 100% change in the first harmonic term of the contact radii, DSI phenomena can appear. Even for one order of magnitude lower values of the first harmonic term than that of the nominal case, a part of the rich system dynamics is safeguarded (SSI branch in Figure 14 ). The latter observation also holds for the variation of the mesh stiffness harmonic term (SSI branches in Figures 12, 13 ). On the other hand, the in phase variation of the kinematic transmission error can lead to response regimes without complex dynamics, as Figure 15 reveals. Although the above observations depend on the feasibility of a hypoid gear pair system to accept modifications of the examined variables such as those discussed, it appears that the control of the transmission error is the factor that could possibly introduce the most important benefits on the dynamics of the examined system.
4-Conclusions
A new mathematical formulation to describe the dynamics of hypoid gear pairs has been presented in this work. There are two main concepts differentiating this approach from prior studies: (a) the formulation of the DTE and (b) the dependence of resistive torque on the angular velocity of the axle. These two considerations enable the generic double degree of freedom system to reach steady state and unbounded solutions. In addition, a more complex dynamic behavior is revealed, showing the coexistence of different response regimes under moderate to high vehicle speeds. Experimental evidence of the rich dynamic behavior of automotive differentials has been presented in a series of experimental measurements in vehicles [5, 6 and 29] , where high vibration amplitudes were reported in a broadband range of vehicle speeds, even during highly loaded conditions. This behavior agrees qualitatively with the numerical results presented in our paper, where a vehicle speed range characterized by highly aggravated dynamic response and extreme torsional vibration levels has been identified. In past numerical investigations such behaviour has been limited to lightly loaded conditions and narrowband meshing frequency ranges. Thus the authors believe that the newly introduced DTE formulation could shed some light in the above phenomena.
Furthermore, the bifurcation analysis has revealed a series of valuable conclusions. The rich dynamic behavior realized is affected by various parameters inherent in the system. Initially, for low mesh damping values, double sided impact solution branches become possible. All the fluctuating system parameters contribute to the qualitative characteristics of the dynamic response. Mesh stiffness and contact radii when in phase tend to aggravate the system dynamics, promoting higher response amplitudes and DSI motions over a wide range of operational vehicle speeds (and potentially leading to excitation contributing to noise generation issues). The reverse effect is observed when a simultaneous in-phase static transmission error mechanism is introduced, which smoothens the nonlinear behavior and alleviates the maximum response amplitudes. The influence of the static transmission error higher order harmonics is restricted at low vehicle speeds. The aforementioned observations could be considered when designing a hypoid gear pair transmission. In modern mechanisms, the static transmission error is introduced as a design parameter. The contact geometry arising from the cutting tools affects the contact radii variation. The mesh stiffness variation is also dependent on the total contact ratio. Therefore, from an NVH perspective, it would be interesting to investigate the potential of introducing the above mechanisms as practical guidelines when designing such systems. In terms of future work, the modeling approach should be enriched by adding the lateral degrees of freedom of the supporting shafts to examine the effect of the introduced flexibility. Finally, some experimental measurements in a controlled environment that comprises a gear pair rig only -where the influences of other vehicle parts are eliminatedare essential for the quantitative verification of the proposed approach. 
